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We prove there is no symmetry which, imposed on the general charge conjugation (C) invariant 
multi-Higgs-doublet model (NHDM), excludes exactly the 0(4) violating terms from the potential. 
This is in part done by determining the exact subsymmetries of the custodial 50(4) symmetry of the 
standard model (SM) scalar Lagrangian. Furthermore, the Higgs family symmetries of the quadratic 
part of the general C invariant NHDM potential will also be symmetries of the 0(4) violating terms 
of the potential, and hence cannot be applied to remove the 0(4) violating terms from the potential. 
Finally, negative determinant elements of 0(4) cannot be applied to expel the 0(4) breaking terms 
from the NHDM potential either: We show there is no symmetries of the kinetic Higgs terms in the 
" negative determinant part of 0(4). This is also the case in the limit g' — » 0. Hence the custodial 

SO (4) symmetry is the largest symmetry group of the scalar sector of the SM in the limit g' — > 0. 
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I. INTRODUCTION 



A recent analysis of data from the LHC has proven the existence of a Higgs-like boson with mass at about 126 
GeV [2|, while future investigations might give an indication of a sector of scalar particles beyond the single Higgs 
boson postulated by the standard model (SM). A natural extension of the SM involving several scalar particles is 
Q_[ the SM augmented by several Higgs doublets, resulting in what is denoted multi-Higgs-doublet models (NHDM). In 
these models, some of the Higgs bosons should be responsible for the generation of the masses of fermions and the 
'_ electroweak bosons Other Higgs particles might incorporate the dark matter In addition, the NHDM 

naturally accommodates CP violation [l3|, [T^-O ■ 

What is usually referred to as the custodial symmetry is an approximate 50(3) symmetry of the SM: The symmetry 
is exact in the limit g' — > (where g' is the hypercharge coupling constant), in which the gauge bosons W ± ,Z form 
a triplet (with identical masses). The name "custodial" was chosen since the symmetry guards the tree- level relation 
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■ from radiative corrections. The radiative corrections are proportional to g , and hence vanish in the custodial 
symmetric limit g' ->■ [2l|. What we refer to as "the custodial SO (4) symmetry" is the {SU{2) L x SU(2) R )/Z 2 = 
50(4) symmetry which contains the custodial 50(3) symmetry, see sec. [Hi The custodial 50(4) symmetry is, before 

■ spontaneous symmetr y b reaking, exact in the limit g' — > 0, for the scalar sector of the SM. 
In an earlier paper [22| we investigated symmetry properties of the NHDM. Here we saw that the most general C 

invariant NHDM potential has an 0(4) symmetry (extending the custodial 50(4) symmetry) only broken by certain 
quartic terms in the Higgs fields, of the type O 2 , cf. eq. ([7]) below. The terms C are odd under charge conjugation 
C, and hence terms quadratic in C are invariant under C . We found that, in case of real vacuum expectation values 
(VEVs), the presence of terms A^C 2 , cf. ©, violates a symmetry between the charged and C odd Higgs sectors. We 
argued that the C odd and charged sectors will get identical mass spectra, in case the parameters of the type A*- 3 ) 
initially are set to zero. But when it comes to scattering processes, terms of the type O 2 may show up as counterterms 
during renormalization, even though their corresponding parameters A^ 3 ) initially are set to zero |22l |. 

Thus a question arises: Is it possible to find a discrete symmetry D which is a symmetry of the O-invariant Higgs 
sector, except that it expels the 0(4)-violating terms, i.e. the terms of the type C 2 , from the NHDM potential when it 
is imposed on the NHDM Lagrangian? If there exists such a symmetry, we may impose this symmetry on the NHDM 
Lagrangian, and hence avoid terms of the type O 2 both in the original Lagrangian and as counterterms under the 
renormalization procedure. 
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The discrete symmetry D has evidently to lie beyond the symmetry group of C 2 (which we denoted P), but has 
to be a symmetry of the (other) terms of the Higgs Lagrangian. Hence it has to be an element of 0(4), which is the 
greatest possible symmetry group of a Lagrangian which can be expressed by real fields organized in quadruplets, 
provided that the NHDM potential is complicated enough so that different Higgs quadruplets cannot be transformed 
into each other. As we considered in [22j, the symmetry group of the kinetic Higgs terms may be larger than 0(4) if 
fields with different Higgs indices can be transformed into each other: We here showed that the kinetic terms where 
invariant under SU(2) x U(N) in the case of N complex Higgs doublets. The U(N) component will generally not 
be a symmetry of the Higgs potential, since the Higgs fields generally will occur in an asymmetrical manner in a 
potential. An element of this U (N) component of the symmetry group of the kinetic terms, that also is a symmetry of 
a specific NHDM potential, is denoted a Higgs family (HF) symmetry of that potential [2g. In appendix [A~l we show 
the only HF symmetry of the quadratic (in the Higgs fields) part of the general C invariant NHDM potential is an 
U(l) transformation. This is a symmetry of all terms in a NHDM potential, hence a HF symmetry cannot be imposed 
to expel the terms of the type C 2 (and these terms only) from the most general C invariant NHDM potential. 

Hence we can state that a symmetry transformation of a NHDM Lagrangian with a sufficiently complicated potential 
has to be an element of 0(4) containing the custodial SO (4) symmetry. In section IV B II we show that no element 
of 0~ (4) (orthogonal matrices with negative determinant) is a symmetry transformation of the kinetic Higgs terms, 
and hence an exact (discrete or continuous) symmetry of the scalar SM Lagrangian has to be an exact subsymmetry 
of the approximate custodial 50(4) symmetry. In section IV Bl we show that all these exact subsymmetries of the 
approximate custodial 50(4) symmetry also are symmetries of the terms C 2 , and hence there is no symmetry that 
can be imposed on the general C invariant NHDM, which expels the terms of the type C 2 only. 

This paper is organized as follows: In section |H] we revise the custodial symmetry of the standard model (SM). 
In section Hill we reinvestigate the symmetry properties of the operators which are the building blocks of the NHDM 
potential, in terms of bidoublets — that is the Higgs fields represented by 4 x 4 complex matrices. Moreover we 
introduce some terminology, and quote some results from [22| . The subject of section IIVI is to what extent the 
0(4)-symmetry containing the custodial 50 (4)-symmetry is a symmetry of the different parts of the Higgs and gauge 
field Lagrangian. Finally, in section [V] we search for symmetries beyond the global SU(2)l X U(l)y for the kinetic 
Higgs terms, by investigating the adjoint action of 0(4) on the Lie algebra u(2), or more concretely, the well-defined 
0(4) transformations of the gauge bosons, see eq. (|30l) below and the discussion thereof. Some more mathematical 
discussions are delegated to the appendices. 



II. THE APPROXIMATE 5*0(4) SYMMETRY OF THE SM HIGGS LAGRANGIAN 

Let the complex SM Higgs doublet be written 




Then the global 50(4) = (SU(2) L x SU(2) R ) /Z 2 custodial symmetry (HI, [H| of the SM Higgs Lagrangian (in the 
limit g' —y 0) can be made manifest by rewriting the Higgs doublet as a matrix (bidoublet) 

*._( 4>°* 4> + \_ ( V ~ #3 0i + i<f>2 \ ^ 

\ <jP )-\-ct >1 + # 2 T) + Z0 3 J ■ [6> 

Here the Higgs potential will be a function of Tr[$t$] j an d i s hence invariant under the global transformation 

$ U L W R , (4) 

where Ul arid Ur are SU{2) matrices. The matrix Ul represents the usual gauged SU(2)l invariance. On the other 
hand, Ur represents an ordinary global transformation (where the gauge fields, when g' — > 0, does not transform in 
parallel with the Higgs doublet). 

The SM scalar Lagrangian density can then be written [2(3] 

C = - (Tr[(D^D^} + ^ 2 Tr[$ f $] - ATr[$ t $$ t $]) , (5) 
where the covariant derivative in the present notation is 

Dp& = d„& + ^igWi„(Ti&-~ig'B lt $(T3, (6) 
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where Oi are the Pauli matrices. We see that the last term breaks the SU(2)r symmetry because of the factor 03. 
However, in the limit g' — > the whole SM scalar Lagrangian has the full SU{2)l x SU(2)r symmetry, when the W 
fields transform (as usual) as a triplet under (the gauged) SU (2) l and as a singlet under the global SU (2)r symmetry. 
Some authors refer to SU(2)r as the custodial symmetry [2||, others use the term of the symmetry SU(2)l+r which 
leaves the SM vacuum invariant [24]. In this article we denote the SO (4) = (SU(2)l x SI) (2)r) /Z2 symmetry as the 
custodial 5*0(4) symmetry, as in |26l |. 

III. THE OPERATORS B AND 6 OF THE NHDM IN THE BIDOUBLET FORMULATION <t 

Consider the bilinear (i.e. linear in both $ m and $„), hermitian operators B and C introduced in eq. (2.3) of (22|, 
defined by 1 

B mn = fl($ m , $„) = |(C$„ + & n $ m ) 

C mn = 0($ m , $„) = -i(^$„ - $m), (7) 
where $^ refers to a doublet of the form @, where every scalar field has an additional index i, 

* =1 ,---,^ (8) 

In (J7J we let 1 < m < n < N. The most general potential V(§i, . . . , $jv) of the NHDM can then be built up by 
products and sums of the operators in ([7]). The most general C invariant NHDM potential can then be written 

Vfc($i,...,$jv) 

+ ^rtm,m'n'CmnC m 'n' 1 (9) 

with an implicit sum over repeated indices, where 1 < m < n < N and 1 < m! < n' < N for terms containing 
B, and 1 < m < n < N and 1 < m' < n' < N for terms containing C. We also demand that the two pairs of 
indices (mn){m'n') are "lexicographically" ordered to avoid double counting. This means e.g. that indices (12)(13) 
are included, while indices (13) (12) are excluded in the sums of eq. (0. See sec. 2 in [22| for a more compact indexing. 
Superscripts in the parameters A are chosen to coincide with the notation in [22]. 
The corresponding NHDM Lagrangian density is then given by 

C{x) = [D^ m (x)}^[D^ m (x)} - $ 2 , ■ • ■ , $n), (10) 

m 

where the covariant derivative here is defined as 

= + ig^-Wt +ig'YB> i . (11) 

The term 'NHDM Lagrangian' is often used about the Lagrangian density (JTUJ). We will apply the term 'NHDM 
Lagrangian' as referring to the Lagrangian density (jTUJ) augmented by the gauge field Lagrangian given by eq. (f3"3")) 
below. 

In the same manner as in the last section, we will now show that the operator C does not share the 50(4) symmetry 
held by the rest of the NHDM potential: Let refer to a bidoublet of the form ([3]), where every scalar field has an 
additional index i. A simple calculation shows that 

B(* W1 * n ) = iTr(B($ m , $„)), (12) 



while 



0($ m , $„) = ~Tr(C($ m , $„)a 3 ) = ~Tr(a 3 C($ m , $„)). (13) 



1 The operator A m defined in I'-' j| equals B mm (no sum over m). 
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Figure 1: Diagram showing the overlap between relevant symmetry groups. The SO(4) symmetry group is the custodial 
symmetry, 17(2) = £0(4) n 5>(2,R) = SU(2) L x U(l)y is the global symmetry of the SM, 5p(2,K) is the symmetry group 
of operators of type C, while P{2, R) is the symmetry group of operators of type C 2 . Finally, 0(4) is the symmetry group of 
operators of type B. Charge conjugation C will be an element of P(2,R)~ n SO (4) where P(2,R)~ = P(2,R) - Sp(2,R), and 
the same is true for the matrix J of eq. ()17p (with k = 2). 

The latter confirms that the operator C, in contrast to B, does not have the SU(2)r [and hence neither the SO (4)-] 
symmetry since the presence of the factor 03 hinders us from utilizing the cyclic property of the trace. Furthermore, 
the identity 

= -^Tr(<j 3 C($ rn ,$ n )a 3 d($ m ,,$ n ,)), (14) 

infers that operators of the type C 2 , in the same manner as for C above, do not share the SO(A) symmetry of a 
NHDM potential built up by the operators of the types B and B 2 only. This is also shown in section 2.2 of (2^, but 
in a different manner: Here we showed that the symmetry group of C is Sp(2,M), while the symmetry group of C 2 is 
P(2,R), with 

P(2,R) = S*p(2,R)UP(2,R)-. (15) 
Here the real symplectic group Sp(2,WL) is defined by 

S P (k,R) = {S eGL 2k (R)\S T JS = J}, (16) 

with 

'-(-*£)■ < 17 » 

where Ofc and Ik is the k x k zero matrix and the k x k identity matrix, respectively. The component P(2,R) _ of the 
Lie group P(2,R), defined by 

P(fc,R)- = {S e GL 2k (R)\S T JS = -J}, (18) 

consists of matrices with determinant 

det(P(fc,R)-) = (-l) fc . (19) 

In the relevant case k = 2, P~ evidently consists of 4 x 4 matrices with determinant 1. The same is true for Sp(2,M). 

The custodial SO(A) symmetry however, is not a subset of P(2,R), and is hence not a symmetry of the operators 
of the type C 2 (nor C). See Fig. [T]for a diagram showing the intersections of the most important symmetry groups 
in this article. 

IV. SYMMETRIES OF THE KINETIC TERMS 

We now turn to the (global) symmetries of the kinetic terms of the NHDM Lagrangian, 

N 

K = J2 W + G") <J>„(z)] f P M + G„) ® n {x)] , (20) 

n=l 
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with 



O m = «ffy + ig'YB^. (21) 
We will let fQ denote the terms of the z'th order in the gauge fields. 

A. Possible extensions of the global SU(2)l X U(1)y symmetry 

Now we will start investigating the possibility of having discrete or continuous symmetries beyond the global 
5?7(2)l x U(l)y — U(2) gauge symmetry 2 , in the scalar sector. We do this by writing the NHDM Lagrangian in real 
form, i.e. we write the complex Higgs doublets as real quadruplets. In [22| we demonstrated that the kinetic terms of 
the NHDM Lagrangian has a symmetry group containing SU{2) x U(N) (enhanced to SU(2) x Sp(N) in the limit 
g' — > 0), when we allowed the different Higgs-fields to transform into each other. In the analysis below, we will not 
consider the possibility of different Higgs-doublets transforming into each other, since these transformations will not 
be symmetries of the general C invariant NHDM potential, see appendix [A] 

Consider the kinetic terms not involving gauge fields, Kq, of the Higgs Lagrangian, 

N 



K = J2 ^*n^*n. ( 22 ) 



n=l 



where the complex Higgs doublet ($71)2 = + *@n is written in real form, as a quadruplet from now on denoted 

*n = ( V (23) 



We see that we can assign the terms K a 0(4) symmetry by 

$„ -> 0$„, (24) 

with O G 0(4) and 5> m given by eq. (|23l) . The terms Kq are invariant under the transformation ([24l since O t O = I 
for O £ 0(4). The global symmetry SU{2) L x U{l) Y = U{2) will then be embedded into 50(4) C 0(4) by the map 

p{X > - \lm{X) Re(X) J ' (25) 

cf. appendix B of [2^. Then the image of U(2) under p, 

p[U(2)] c 50(4), (26) 

is the global symmetry of the SM, when the fields are written as real quadruplets. The map p is an isomorphism onto 
its image p[U(2)], and hence p|t/Y2)1 = U(2) (i.e. p[U(2)] is a way to write U(2) in real form). 
We can then, as we showed in [22j , write 

N 



K 1 = J2d^^n)lG^ n ) 2 + {* n )lG»1d M (p n )i 

71=1 

N 

= &**l%* n + ^(-md^n (27) 



where the subscript 2 in ($ n )2 indicates this is the usual complex Higgs doublet, while $> n is the four-dimensional 
real vector (|2li|) . Furthermore, the 4x4 matrix T p , 

T l =p(G' 1 ), (28) 



2 More precisely we have SO (3) X U(l) = (SU (2)^ X U (l)y )/%2 — U (2), where the divisor Z2 is necessary since multiplication by — / can be 
expressed both by SU{2) and (7(1). We can hence identify elements (-U) xU' ~ U X (-£/'). where U £ SU{2) L and V £ U(l)y Only 
multiplication by —I £ U(2) can be expressed both by U(l) and 5(7(2): Assume U = exp(ia)I £ 5(7(2). Then 1 = det((7) = exp(2oi), 
and hence a = w, i.e. exp(ia) = —1. The direct product 5(7(2)^ X (7(l)y is therefore in reality a double cover of (7(2). 
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is given by [22 



r „_f 9W? -gW%-g>YB»I 2 . 



with W^I = 5Zi=i 3 W** 5 <ji where the sum involves the real Pauli matrices a 1 and a 3 . Moreover, Wj — iW^ \cr 2 , 
where a 2 is the imaginary Pauli matrix. The matrix li is the 2x2 identity matrix. 

We then see that the kinetic terms K\ apparently are invariant under the 0(4) transformation (|24j) if we let the 
matrix T 71 transform 

_> or^O 71 (30) 

simultaneously with As we will see, can the transformation ([50)1 be described as the adjoint action of 0(4) on 

the Lie algebra u(2) (the latter is represented by the matrix 7 71 ). The SM gauge bosons transform as usual under the 
global SU(2) L x U(1) Y = £7(2) p[U(2)] C SO(4), since for u £ £7(2) 

uG^v) = p(u)p(G' J )p(u t ) = p(u)T M p(u) T , (31) 

where uG^w is the way the gauge fields transform (globally) in the SM (they transform under the adjoint represen- 
tation of SU(2)l x U(1)y) [30]. We will in sec. IV B T1 note that in the case g' — > 0, the combined transformations (|2"4")l 
and (|30|) give us the custodial 50(4) symmetry. 

The only problem is that the transformation ([30]) might not be well-defined for choices of O beyond the global 
gauge group £7(2). The transformation is only well-defined when it induces consistent transformations of each of the 
fields; i.e. it is well-defined when it makes each of the fields transform in the same manner everywhere in the matrix 
T. For instance, we cannot accept that transforms as B^ — >■ B^ in 7^, while it transforms as B^ — > —B^ in 7^. 
In section [V] we will investigate what kinds of transformations O make ([30]) well-defined. 

Third, we consider the kinetic terms quadratic in the gauge fields, 

N 



K 2 = J2(^n)tG^G^ n ) 2 



n=l 
N 



£€r 2 $„, (32) 



which obviously are invariant under the 0(4) symmetry given by eqs. (]24ll and (]30p . when the latter transformation 
is well-defined. 



B. The gauge field Lagrangian 

In this section we want to show that transformation ([50]) also is a symmetry of the kinetic part of the gauge field 
Lagrangian. The reason for this is to ensure that symmetries contained in 0(4) are not violated by higher order 
diagrams involving diagrams generated by the (kinetic part of the) gauge field Lagrangian. 

Consider the kinetic terms of the gauge field Lagrangian, formulated as the trace of the commutator of two covariant 
derivatives [as given in eq. (fTTl) ]. 



C GB = -^Tr [ (-[£>„, D v ] 



g'Y->g 



A general relation is 



Tr(p(X)) = 2Re(Trp0) = 2Tr(X), 



(33) 
(34) 



where the last equality is valid when the trace is real, as it is in eq. f!33|) . 
Then 



1, 



-GB 




Tr p l-[D M ,D v ] 



l-T T ([p(D»),p{D u )] 




g'Y^g 



g'Y^g 



g'Y^g 



(35) 
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since p preserves matrix multiplication and addition, and since the partial derivatives commute. Eq. (|35[) is invariant 
under the transformation p0[) . by the cyclic property of the trace. 



C. Yukawa couplings 

The most general Yukawa couplings of the quark sector are of the form [l7| 

C QH = -Q 3 ,L (r 3 x3,j*2,in3,fl + A.! :;. ; '1>J. ,/'.!./,■ 



h.c. 



(36) 



where summation over j = 1,2, ...,N is implicit. The symbol Ql denotes a 1 x 3 vector consisting of the three 
left-handed quark doublets, 



j,i = [(«L4) (4,4) (44)] 7°, 



(37) 



where ur and pr denote (following the notation of [13]) 3x1 vectors consisting of the right-handed quark fields, 





dR 




UR 


n 3 ,R = 


SR 


, P3,R = 


cr 




b R 




t R 



(38) 



and where each of these six quark fields is a four-component Dirac spinor. Moreover, the complex doublet $2j is 
defined by 



$2,j = -z($La 2 ) T 



(39) 



The authors of |27H29j has in the context of the 2HDM shown that the imposition of the custodial symmetry on the 
Yukawa couplings yields constraints on the coupling matrices IT,- and Aj , depending on the choice of the scalar field 
basis. After a possible change of scalar field basis 3 , this corresponds to the case where no 0(4)-violating operators of 
the type C12 (or C\ 2l the latter equivalent to the constraint A4 — A5 in [29]) are present in the potential, and where 

M 



n, 



(40) 



for j = 1,2. In the NHDM the custodial symmetry will infer restrictions similar to (|40[) on the Yukawa coupling 
matrices. 

Imposing the custodial symmetry on the Yukawa coupling terms of the leptonic sector will lead to constraints 
analogous to (|40p on the coupling matrices of the leptonic sector. Such restrictions will force the elements of the 
coupling matrices of the charged leptons and the neutrinos to be of the same order, making it hard to implement their 
great mass difference. 



V. THE ADJOINT REPRESENTATION OF 0(4) 

To decide which transformations beyond U(2) make the transformation (I30[) well-defined, we have to consider the 
adjoint representation of 0(A). We know the standard model gauge fields transform as the adjoint representation 
of t/(2), which is, written in real form, a sub-representation of the adjoint representation of 0(4). For a matrix 
d G 0(4) — £7(2) such that ((30 j) is well-defined for O = d, the matrix d generates a discrete symmetry of the kinetic 
terms of the electroweak Lagrangian. Furthermore, if we could find such a d G 0(4) — P(2,R) (where P(2,R) is the 
symmetry group of the operators of the type C 2 , defined in eq. (|15[) . see also fig. HJ, we could impose this discrete 
symmetry on the C invariant NHDM Lagrangian and hence avoid terms proportional to the 0(4)-violating (but C 
invariant) operators C 2 . Then we, because of the discrete symmetry, would have excluded these 0(4)-violating terms 
both from the original potential and during renormalization. 



3 A change of scalar field basis is a transformation of the scalar fields, <E> m — > ^ Umn&n, where U € U(N). Such a transformation 
changes the NHDM potential, but not the physics nor the symmetries thereof. 



A. Some mathematical preliminaries 

Generally, the adjoint representation of a (matrix) Lie group G is a homomorphism 

Ad : G -> GL(g,R), (41) 

where g is the Lie algebra of G and 

Ad(g)(X)=gXg-\ (42) 

for g £ G and l£g. Ad is now a representation of G, acting on the vector space g. The linear transformation Ad(g) 
on the Lie algebra g is called the adjoint action of g on g. The set of all such linear transformations, 

Ad[G] = {Ad(g) : geG}, (43) 

is called the adjoint action of (the Lie group) G on (its Lie algebra) g. Moreover, the set G7(g,R) is the set of all 
linear, invertible transformations L, on the real vector space g. If the dimension of g is n (i.e. g has n basis vectors) 
G7(g,R) consists of all real, invertible n x n matrices. In the case G = 50(4), and hence g = so(4) (which we will 
consider in the next section), the dimension of g is n = 6, and therefore Gi(so(4), R) will consist of all real, invertible 
6x6 matrices. 

Denote the image Ad[G] of the adjoint representation Ado, where Ada C GL(g,M). When G is connected, the 
kernel of the adjoint representation is the center Z(G) of G [31J| 

Z(G) = {geG\VxeG (xg = gx)}. (44) 

The first isomorphism theorem of group theory then gives us 

Ada = G/Z(G). (45) 

In the case of 50(4), which is connected, Z(SO(A)) = {±7}. Hence 

Adso(4) = 50(4)/{±/}. (46) 

Now the group 50(4) is not simple, in contrast to SO(N) for N = 3 and for N > 5. Therefore 50(4) can be, modulo 
its center {±7}, written as a direct product [HI 

50(4)/{±7} = 50(3) x 50(3). (47) 

Hence, we have that 

Ad SO (4) = 50(3) x 50(3), (48) 

which we also will see explicitly below. 



B. The effect of the adjoint action 



We will now explicitly consider the effect of the adjoint action of 0(4) (in fact on the Lie algebra u(2), here 
parametrized by the gauge boson matrix T M ), to see if it permits any symmetries beyond the (global) £7(2) = 
5J7(2)l x U(l)y symmetry of the SM. We regard the real variant of C7 (2) ; embedded in 50(4) by the map p, and try 
to see if the adjoint action (|30|) can be well-defined for any matrices 

O e 0(4) - 17(2), (49) 

where U(2) in reality is "shorthand" for p[U(2)}, the image of U(2) under p. (We will do similar abbreviations many 
places in this article, as implied by the context.) The sets U(2) and p[U(2)} are the same Lie group, but the latter is 
expressed by real numbers. The matrix T only contains the gauge fields of the SM (Wi, W2, W3, B), that is, gauge 
fields corresponding to the Lie algebra u{2) C so(4) (here u{2) is written in real form, i.e. u(2) is here shorthand for 
p[u(2)]). Hence the adjoint action (15131) often will demand the extra gauge-fields X and Y of o(4) — u(2), for all gauge 
fields to transform in consistent manners in 7", when the transformation (|3U|) is carried out with an O G 0(4) — £7(2). 
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We will in the subsequent search for transformations O G 0(4) — U{2) which do not demand the introduction of the 
extra gauge-fields of o(4) — u(2) to make the adjoint action (|30|) consistent (i.e. well-defined). 
A basis for the Lie algebra so(4) is [22] 



Ji = 



J A = 




10 

10 









1 
-1 



J 2 = 



J B = 





0- 

1 



/0 





V i o o 




J 3 = 



/0 



Vo i o 

0- 



1 





(50) 



Now regard the basis of the Lie algebra so(4) given by 

m = 



{\{J2 + J$), h(Ji + J4), h(Je - Ja), \{-h + J3), 5(^2 — Jb), h(Ji — J4)}, 



(51) 



where Xj = p m/2)<7 J J , j — 1, ...,3, and X 4 = ( o((z/2)/ 2 ), i.e. the generators X\, . . . ,X± are real forms of the 
generators of the SU(2)l xU(1)y gauge group. Hence Xi, . . .X4 corresponds to the SM gauge bosons W\, W%, W3, B, 
while X^,Xq would, if we regarded a full SO(A) gauge symmetry, correspond to two non-SM gauge fields X and Y. 4 
Then, since T = p(G) (here we suppress the Lorentz index p) , 



(52) 



where 



gWj for j = 1, 2, 3, and w A = 2g'YB, 



(53) 



and we also define 



w 5 = gxX, w 6 = g Y Y. 



(54) 



Since the Lie group 50(4) is compact and connected, exponentiation of its Lie algebra generates the whole group: 
exp[so(4)] = 50(4). Moreover, we can write 50(4) as a product of exponentiated generators ("one-parameter 
subgroups") 



U = {e 



tlXi ^2X2 



, e t e x 6 j ^ e R 6| = 5 (4)_ 



(55) 



Obviously U C 50(4), since all the exponentials are elements of 50(4). The equality U = 50(4) will be demonstrated 
explicitly below, cf. the discussion following eq. 

We will now consider each exponentiation e tiXi of the generators Xi, and see which effect each of them has on the 
Lie algebra so(4) under the adjoint action [the adjoint action will yield a linear transformation on so(4), according to 
GUI: 

Let Pij (0) denote the 6x6 matrix with elements 



Pa = Vn = cos(0) 
Pij = -Pji = sm.(9) 
Pkk = l i,j, 



(56) 



4 The Lie algebra so(4) = su(2) Q .si(.(2) , and in our notation the matrices X±, X2, X% is a basis for one copy of su(2) while X4, X$, Xg is 
a basis for the other copy of su(2). The matrices X^,Xq are chosen such that the usual commutator rules for the Lie algebra su{2) is 
valid, for instance will [X 5 ,X 6 ] = -X 4 , just as [X 2 ,X 3 ] = -X\. Moreover, [su(2) © {0}, {0} © su(2)] = Ej=i h' X j'12j=4 t j x o\ = 
for ti, .. . ,tg G R, as the definition of a direct sum of Lie algebras demands. 
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with all other elements equaling zero. For instance, P2i{&) is then given by 



/ 1 \ 

cos(0) sin(0) 

1 

-sin(0) cos(0) 

1 

\0 01/ 



(57) 



Let so(4) be expressed by the basis {Xi} of (f5"Tj) . Then, for example, the effect of e tlXl G 5*0(4) on so(4) by the 
adjoint action is [see eqs. (|30|) and (|42l)]. 



EtwX, 



(58) 



where wX = 53i=i w iXi is a general element in so(4), and where the effect is summarized by the 6x6 matrix E±. 
Hence Ad(e tlXl ) maps w to w' — Eiw. 

Thus, the effect E{ of each e tiXi (no sum over i) on so(4) by the adjoint action, can then be calculated by the 
formula e tiXi wXe~ tiXi — E;w to be 



Ex = P 23 (t 1 ), E 2 = P 31 (t 2 ), E 3 = P 12 (t 3 ) 

E4 = Pb&iti), E5 = P&4(t5), Eq — Piz{to). 



Moreover, the effect E r of the reflection 



is then 



Er 



10 
10 
10 
-1 



/o 1 0\ 
1 
1 

1 

1 

V 1 ) 



(59) 



(60) 



(61) 



The effect of the general element u — e flXl e t2X2 ■ ■ ■ e teXe of U C 5*0(4), U introduced in C|55[) . is then given by 

uwXu- 1 = w'X &w' = Ew (62) 



where 



Combining eqs. (JSHJ) and ([53]), we get 



where 



E 



E — E1E2 • • • Eq. 



A(h,t 2 ,t 3 ) 3x3 
3x3 A(t 4 ,t 5 ,t 6 ) 



(63) 



(64) 



CyC Z 



CyS Z 



-^(^: V 1 *0 — I Cz^x^y Cx$z C X C Z ~h S x SyS z 



(65) 



^a;^z Cx^ySz C Z S X C X C 



z J x ^x^y 



which is just the general element of $0(3), written in the "xyz (pitch-roll-yaw) convention" [33|. Hence the effect E 
of the general element u of the set U in eq. (|55j) is just 50(3) x $0(3), since eq. ([Ml) yields two independent copies 
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of SO(3). Since we already, in eq. (|48p . stated that AdgoU) = SO(3) x SO(3), we know that the parametrization U 
of (|55|) covers the whole of 50(4), at least modulo multiplication by ±7, cf. eq. (|47p . where 7 denotes the identity. 
Moreover, since all exponentials e tjXj (no sum over j) consists of sines and cosines of angles tj/2 we can express 
multiplication by minus the 4x4 identity, — J4, in U; 



(66) 



for any fixed J £ {1, . . . , 6}. Hence [/ = ±C/ = SO(4), since all elements of all equivalence classes in SO(4)/ {±1} are 
elements of U, cf. eqs. (J47J) and (l55j) . 

We do not want to introduce gauge bosons beyond the SM, neither before nor after application of the adjoint action. 
Hence the parameters w§ , wq and w' 5 , w' 6 must be zero (w$ , w' 5 corresponded to a non-SM gauge-boson X through the 
generator X5, while w§, w' 6 corresponded to a non-SM gauge boson Y through the generator X$, see eq. (|5Tj) and the 
discussion after). Then we have to demand that some of the elements of E equal zero, namely 



Ei 



5i 



E 6l = 0, 



1. 



(67) 



We want to find for which values of the angles t 1; . . . ,t 6 the effect of the adjoint action E does not force us to 
introduce non-SM gauge bosons X and Y, corresponding to w 5 — gxX and u> 6 = g Y Y . It is then sufficient to 
consider a matrix 



E = E 5 E 6 = E(h = . . . = U = 0), 



for if 



with 



?/>' 



Ew, 



then the matrix E%- ■ ■ E±, 



with 



E, 



w 5 = w 6 = w' 5 = w' 6 = 0, 



Ei = E(t 5 = t 6 = 0) - M(*i.*a,*s) 



V 



3x3 



3 X3 
A(t 4 ,0,0) 




A(n,o,o) = 

does not introduce non-SM gauge fields when applied on the vector w' of (|6T))) . that is, 

w" = E 1 ---E i w', 



(68) 
(69) 
(70) 

(71) 
(72) 
(73) 



u 5 — w 6 

Combining the expression for E of eq. (|6"5|) and the relation w' = Ew for this case (1V5 — wq = w' 5 = w' 6 = 0) gives 
us the equation 



= w' = Ew = 




'"3 



V / 



We hence see that the only non-trivial constraints are £"54 = £^4 = 0. 
The constraints £54 = £^4 = read 

- sin(£ 6 ) = 0, 
cos(^6) sin(£ 5 ) = 0, 



3 X3 




( W1 \ 




W 2 


c t 5 Ct 6 C ts St 6 


• ) 


w 3 


~ s t 6 C t6 




W4 


Ct 6 St 5 St 5 S t6 











V J 



(74) 



(75) 
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and hence, 

sin(t 5 ) = 0, 

sin(i 6 ) = 0. (76) 

So we have 

t5,te = mr, n G Z, (77) 

not necessarily with the same n for both t§ and t§. 

Now we want to check if the constraints (|77|) are consistent with any (discrete) symmetries d G 5*0(4) — P(2,M), 
i.e. symmetries beyond the symmetry group of the operators of the type C 2 . The general element of 50(4) can be 
written 

O = e tlXl e t2X2 e t3X3 e UX4 e t5X5 e teX<i , (78) 

but it is enough to consider matrices 5 

/ c 5 c 6 c 5 s 6 s 5 s 6 c 6 s 5 



= e 



*5^5 „t 6 X e 



-c 5 s 6 c 5 c 6 -c 6 s 5 S 5 S 6 
-s 5 s 6 c 6 s 5 c 5 c 6 -c 5 s 6 

V ~C 6 S5 -S5«6 C 5 S 6 C 5 C 6 



(79) 



where we have defined 

d = cos(^/2), Sl = sm(ti/2). (80) 

We hence find that the matrix O of eq. ([79")) depends on angles ti/2 for z = 5,6. Then we have to regard the cases 
where 

t 5 ,t 6 G {0,^,2tt,3^}, (81) 

cf. eq. H77J). We then find that 

cos(t 5 /2) sin(* 6 /2) = ±1 or sin(t 5 /2) cos(t 6 /2) = ±1 

^0€50(4)nP(2,t)- (82) 

while we otherwise (e.g. for t§ = t§ = 0) have 

O e SO(A)nSp{2,R) = U(2). (83) 



Eqs. (|8"2"|) and (|53"|) are found by comparing the form of O, given by eqs. (1T9"|) and (fSTj) . with respectively the forms {B3J 
and (|B5[) given in Appendix IBl The set P(2, R) _ in eq. (|82f> is a component of the symmetry group of the operators of 
the form O 2 , see eq. (fl~5| . By considering the actual values of the angles t$ and fg instead of half the angles, eqs. ([82]) 
and (|83|) can equivalently be written 

cos(i 5 )cos(i 6 ) = —1 => O G SO(4) nP(2,R)~ (84) 
cos(i 5 ) cos(t 6 ) = UO€ 50(4) n Sp(2, K) = C/(2). (85) 

Eq. |84p shows that we get symmetries beyond the gauge group U(2) if and only if the field changes sign, 

B u -► (86) 

since the parameters W4,W4 corresponding to the transformation of the gauge field P M are given by w' 4 = £44 W4, see 
eq. (17411 . where £44 = cos(is) cos(ig) (16411 . Moreover, eq. ([55)1 shows that B^ transforms as 

B^B U , (87) 



5 Let u G (7(2) C P(2,R) and d G SO (4) - P(2,R). Then ud £ P(2,R): Assume the opposite, G P(2,R). Then u' 1 ^) = d G 
P(2,R), a contradiction. Hence, if d = e*i x i ■ ■ ■ e J 6 x 6 £ P(2, R), then ud £ P(2, R) for u = (e tlXl ■ ■ ■ e tiXi ) _1 G 1/(2). Therefore 
d' = ud £ P(2,R), where d! = e t&X5 e t&x& , and we only have to consider matrices of the same form as dl . 
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under (global) [7(2) = SU(2)l x U(1)y transformations, as it should according to the SM. 

Furthermore, in appendix [C] we show that the symmetry group component the symmetries of (|84[) belong to, can 
be written 



50(4) nP(2,R)- = [7(2)5 (88) 

for any 

S e SO(A)nP{2,R)-. (89) 

This is especially true for 5 = C 6 5*0(4) n P(2,R)~, where O is the charge conjugation operator. We implemented 
C £ 50(4) nP(2,M)- as 

/ 1 \ 

°- ill -I 2 « 

\ -1 / 

in [22||. This corresponds to the transformation C($) = & of a complex scalar doublet. If we want to include the 
possibility of a complex phase, i.e. 0($) = e la ^\ where $ is a complex Higgs doublet, we still get C £ 50(4)nP(2, 
(this can be shown by an argument similar to the one in footnote [3]) . Hence the arguments below are unaltered by a 
possible introduction of a phase a ^ 0. 
Now, since (by appendix [Cj 

50(4) n P(2, M) _ = [7(2)G, (91) 

while 



SO(4)nSp(2,R) = £/(2) (92) 

we get that the Lie group G defined by 

G = 50(4)nP(2,M), (93) 



can be written 



G = U(2) U U(2)C. (94) 

Since both [7(2) and U(2)C are two sets of symmetries of the kinetic Higgs terms, the Lie group G is a symmetry 
group of the kinetic Higgs terms. There are by eqs. and (|55|) no symmetries of the kinetic Higgs terms of the 
SM beyond the group G. This result is also derived in [33|]. The group G is also the maximal symmetry group of 
a NHDM Lagrangian, provided that the NHDM potential is complicated enough not to allow any HF symmetries 
(beyond an overall [7(1) transformation). Hence G is the largest symmetry group of a NHDM Lagrangian with a 
sufficiently complicated potential, e.g. the most general O-invariant NHDM Lagrangian, see appendix [XJ If we only 
regard the kinetic terms of the NHDM Lagrangian, the maximal symmetry group will be SU(N) x G, where SU(N) 
are the Higgs family symmetries. The U(1)y hypercharge symmetry is, as we have seen, contained in G. 

By eq. (l4"T|) we can write 50(4) = SU (2) l x 50(3) and by footnote @] the three generators of SU(2) l commutes with 
the three generators of 50(3) (= 5C/(2)#/Z 2 ). Charge conjugation C will, along with U(l)y, be a part of SU{2)r. 
Hence C and U{1) Y will commute with SU(2) L . We can therefore write G = U{2) ■ {I, C} = SU{2) L x (U(1) Y • {I, C}), 
where U(l)y ■ {I,C} = 0(2), since U(l) may be mapped onto 50(2) by the map p given in eq. (|2l)|) , while C may 
be mapped to an arbitrary matrix with determinant —1. Now we get that G = SU{2) x 0(2), but since both SU(2) 
and 0(2) can express multiplication of the fields by (— /), we divide by Z 2 to avoid a double covering of G, where G 
is given in eqs. (|9"3")l and (|Mf . Hence we have 



G^50(3) x 0(2). (95) 

Since 50(2) is a normal subgroup of 0(2) \gS0(2)g- 1 C 50(2) for all g e 0(2)], and since 0(2) = U(1) Y • {I,C} ^ 
50(2) • Z 2 , 0(2) can also be written as the semidirect product 50(2) x Z 2 . Since CU(2)C C [7(2), [7(2) will be a 
normal subgroup of G, and we can hence also write 



G ^ [7(2) x Z 2 . 



(96) 
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Note that G cannot be written as the direct product of U(2) and Z2. In fact, 

G ¥ U{2) x H, (97) 

for any group H, since the center of G is finite while the center of U(2) x H will be infinite, see Appendix [Dl 

However, we find no well-defined SO (A) transformation of the kinetic Higgs terms beyond the symmetry group 
P(2,R) of the operator C 2 . Hence, there is no discrete nor continuous symmetry we can impose on the NHDM 
Lagrangian to exclude the terms of the type C 2 . (Again, assuming the potential is complicated enough to exclude the 
possibility of HF symmetries beyond an overall U(l) transformation. This is the case for the most general C invariant 
NHDM potential, cf. appendix [5]) 



1. The custodial SO (4) symmetry 

On the other hand, if we also set g' = (i.e. W4 = w' 4 = 0, since these are the parameters corresponding to the 
generator X 4 of the U(l)y gauge group, see eq. (|51[) and the subsequent discussion), we see from eqs. (|74l) and (fTTj) 
that all symmetries are well-defined, and hence the whole 50(4) is a symmetry group of the SM Higgs Lagrangian. 
This is the custodial SO (A) symmetry from section [TXl demonstrated in an alternative manner (for the kinetic terms). 
The symmetry equals the canonical implementation [26] of the custodial symmetry, since it is defined for the SM 
(N=l), by eq. PU). 



C. The adjoint action of elements of 0(4) 



We also want to consider the adjoint action of elements of 0(4)~, the orthogonal matrices with determinant — 1, 
and see if it can yield any (discrete or continuous) symmetries of the kinetic terms. The general effect of the adjoint 
action of an element of 0(4) ~ can be written 6 



E — E r ■ E1E2 ■ ■ ■ Eq, 
cf. eq. (|6"3")l , where E r is given in eq. (|6"T|) . and we calculate E~ to be of the form 



E~ = 



O3 

C(ti,t2, £3) 



D(t 4 ,t 5 ,t 6 ) 
3 



(98) 



(99) 



where O3 is the 3x3 zero matrix, and where the exact expressions of the 3x3 matrices C and D are irrelevant for 
the argument below. 

In case E~ represented a well-defined adjoint action (i.e. the non-SM parameters equal zero: w' 5 — w' & = W5 = we = 
0), E~ would have the effect 









w' 2 




w 2 


w' 3 


= E~ 


w 3 


U>4 




W4 










V J 




V J 



( E 14 Wi \ 

E2~ 4 W4 



E M Wi 



H= lE - 



(100) 



But then all gauge fields Wj,j 
times the field B, since ai, = 



= 1,2,3 (the Lorentz index /i is suppressed) are transformed into some real number 
gWj for j — 1,...,3 and w 4 — 2g'YB. But this transformation has no inverse 
transforming the B's (104) back into the different Wj's (wj,j — 1,2,3), since it would have transformed different 
instances of the field B in a different manner. Hence no such well-defined E~ , as it appears in eq. (llOOp . exists, 
because E~ should have an inverse (an adjoint action is a representation of a group, and all elements of a group has 



0(n)- = SO(n)R = RSO{n) for any R G O(n)": We have RSO(ri) C 0(n)~ since det(R) det(S) = -1 for S G SO(n), and 
O(n)" C RSO{n) since for O G 0(n)~, det(R r O) = 1, hence R t O G SO(n), and then O = R(R t O) G RSO{n). The effect under the 
adjoint representation of an arbitrary element O G SO (4) can be calculated by E1E2 ■ ■ ■ Eq, cf. eqs. (62) and JUL Then the effect of 
an arbitrary element RO G 0(4) — can be calculated by E r E\Ei ■ ■ ■ Eq, cf. Kit . 
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an inverse). Therefore 0(4)~ does not provide any new symmetries of the kinetic Higgs terms of the SM (or NHDM) 
Lagrangian. 

The component 0(4) _ of 0(4) does not provide any new symmetries in the limit g' —¥ (i.e. W4 — w'^ — 0) either: 
In this case Wj,j — 1, 2, 3 would have to be mapped to 0, so this mapping could have no inverse, hence it cannot be 
an element of (the adjoint representation of) 0(4). This means the custodial SO (4) symmetry cannot be extended 
by any (discrete or continuous) symmetry in 0(4). The result is also derived in [33]. It is also proven by one of the 
results in [34]. In this article all 13 possible accidental symmetry groups of a 2HDM potential, together with the 
kinetic Higgs terms in the limit g' — > 0, are determined. Here the maximal symmetry group, in case of a potential 
consisting of all possible 0(4) symmetric terms of the (in our terminology) type B and B 2 (but transformed into a 
specific basis, see appendix is determined to be SO(3) x SU{2)i 1 = 50(4). I.e. the custodial 50(4) symmetry 
is the maximal symmetry group of the kinetic Higgs terms in the limit g' — > (when we are not regarding SU(N) 
HF-symmetries) . 

VI. SUMMARY 

By studying which 0(4) transformations T M — > T T^O [cf. eq. (|30|) ] of the gauge bosons are well-defined, we 
found the maximal set of symmetry transformations of the kinetic Higgs terms of the SM to constitute the Lie group 
G = SO (A) n P(2,R) = 50(3) x 0(2). The maximal symmetry group of the kinetic terms of the NHDM was then 
SU(N) x G. The Lie group P(2,R) was the symmetry group of operators of the form C 2 , that is the 0(4) violating 
terms in the general C invariant NHDM potential. Hence, we could find no discrete nor continuous symmetry that is 
a symmetry of the kinetic terms and the quadratic (in the Higgs fields) terms of the type P, while not a symmetry 
of the terms of the type C 2 . To show this, we also used the fact that the Higgs family symmetries of a potential 
containing all terms /x mn P m „, m < n, also are symmetries of the terms of the type C 2 , cf. appendix [XJ This means 
there is no symmetry we can impose on the general NHDM Lagrangian, to exclude the 0(4) violating terms from 
the NHDM potential, and to prevent them occurring as counterterms during the renormalization procedure, when 
calculating scattering processes. 

As implied above, we found there are no symmetries of the kinetic Higgs terms in the negative determinant compo- 
nent 0(4)~ of 0(4). This was so, even in the limit g' — » 0. Hence, the custodial 5*0(4) symmetry cannot be extended 
by elements of 0(4)~. 
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Appendix A: Higgs family symmetries 

In this appendix we will show that the U (N) Higgs family (HF) symmetries 7 [23[ of a potential containing all terms 
fi>mn,B mn , m < n, also are Higgs family symmetries of the bilinears of the type C mn . Hence there is no HF symmetry 
we can impose on the general C invariant NHDM potential, which exactly excludes the 0(4) violating terms, i.e. the 
terms of the form C 2 . 

Under a HF transformation the bilinear B kk = ^I^fc is transformed in the following manner 

N N 
-> 2 ( U km$m)HU kn $ n ) = J2 U* km U kn <S>\ n $> n . (Al) 
rn,n— 1 m,n=l 

If this U(N) transformation (i.e. HF symmetry) keeps &\&k invariant, then (no sum over k) 

U km Ukn = 1) when m — n = k, 

U km Ukn = 0, otherwise. (A2) 



7 Here we also consider the U(l) factor [of U(N)] as a HF symmetry, in addition to the SU(N) HF symmetries. Overall multiplication by 
an U(l) factor is in fact already taken care of by U(l)y , which we usually consider as a gauge group symmetry and not a HF symmetry. 



16 



This is so because the set {$^ n & rl }m,n<N (with A 2 elements) is linearly independent: The set {$^,$ m } can be 
regarded classically as a set of 2N independent functions. Assume that 

N 

",/!>>.. = 0. (A3) 

If we then differentiate by d 2 / (d^} n d^ n ), for arbitrary to and n, we get that a mn = 0, i.e. 

o-mn = for all to, n. (A4) 

This again means that the set {&l n § n }m,n<N is linearly independent. 

Eq. (|A2[) then gives us that the most general HF transformation which keeps a term HkkBkk (no sum over k) 
invariant. 1 < k < N, is 

$ fc -> exp(ia fe )$ fc . (A5) 

When we want to keep the term [ikkBkk invariant for all fc, each bilinear has to transform as given in eq. (|A5|) . with 
a possible different phase ctk for each fc. 

Now, if the potential we are regarding also contains all terms of the type [i m nB mn for to < n, in addition to the 
terms (J,kkBkki there will be further restrictions on the allowed HF symmetries. The bilinear B mn , to < n, now 
transforms as 

B mn = 2^m^n < ^ > n < ^ > m) — ^ ^^mm^ro^n^" ^im^n^mm^m) (A6) 

(no sum over m, n) by eq. (IA2I) [valid for all k]. When B mn , to < n, is kept invariant, that is, 

u* f/ $ + 77* <&t r/ $ — $t $ <j>t cb =n (A7) 

(no sum over to, n), we must have 

C/4 m f/„„ = 1, (A8) 

since the two terms Q^^rt and $n§ m are linearly independent. Eq. (|A8[) infers that the corresponding angles are 
identical, 

«m = On j (A9) 

where Ukk = exp(iafc). Hence the HF symmetries that keep all terms /x mn i?„ m simultaneously invariant for all m,n 
with 1 < m < n < N, is an /7(1) transformation 

$j -4 exp(ia), (A10) 

for all j, 1 < j < N. But this transformation also leave all terms C mn and C mn C m 'n' invariant, and hence the 
transformation cannot be applied to remove terms of the type C 2 . 

The result in (|A10[) and above is consistent with a result in [34j . Here the maximal symmetry group of the general 
C invariant 2HDM potential (expressed in the diagonally reduced basis) is found to be the group generated by CP 
(i.e. C) and U(l)y 

The general 2HDM potential of [lij can be expressed by the bilinear operators B and C, in terms of the parameters 
given in [34[ as 

V = -[ijBn - n 2 B 22 - 2Re(m 2 2 )B 12 + 21m(m 2 12 )C 12 + Aifl? a + X 2 B 2 2 + X 3 B n B 22 
+ [A 4 + Re(A 5 )] B 2 12 + 2Re(X 6 )B 11 B 12 + 2Rc(X 7 )B 22 B 12 - 21m(X 5 )B 12 C 12 

- 2lm(X 6 )B 11 C 12 - 2lm(X 7 )B 22 C 12 + [A 4 - Re(A 5 )] C\ 2 . (All) 

All parameters in eq. (|Al lj) are real (in some cases by taking the real or imaginary part of a complex parameter). In 
the diagonally reduced basis, we can furthermore set Im(A5) = and Xq = Xj. Then the potential symmetric under 
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C and U(l)y (in addition to SU(2)l) corresponds to the constraints \m(m\ 2 ) = and Im(Ag) = Im(A7) = 0, i.e. we 
are left with the potential 



V = -fifBu - ^B 22 - 2Rc(mf 2 )B 12 + X\B{ Y + X 2 B A 22 + X 3 B n B 



22 

+ [A 4 + Re(As)] B'f 2 + 2Re{X 6 ) (B n B 12 + B 22 B 12 ) + [A 4 - Re(A 5 )] Cf 2 , (A12) 

which is the most general C invariant 2HDM potential, expressed in the diagonally reduced basis. We note that 
it, according to both [34j and eq. <|A10|) . has no HF symmetries (beyond U(1)y, when we consider this as a HF 
symmetry) . 

In the case [A4 — Re(A5)] = 0, we see that the symmetry is enhanced, since the potential then only contains 0(4) 
symmetric operators (of the type B). When we include the Kinetic Higgs terms in the limit g' — > 0, the maximal total 
symmetry becomes 50(4), cf. sec. IV Cl We also noted in sec. IV CI that this is consistent with a result in (34[, which 
determines this 2HDM to have the maximal symmetry group 50(3) x SU(2) L = (5f/(2) x SU{2) L )/Z 2 = 50(4). 
Finally we note that the greatest symmetry group of any 2HDM potential, with kinetic terms in the limit cf ->- 0. is 
in [lH calculated to be £0(5) x SU(2)l. This symmetry corresponds to a potential with the additional restrictions 
Mi = A 4 !) TO i2 — 0, Ai = A2, A3 = 2Ai and Xj = for j = 4,5,6 and 7. This is in agreement with [22j, where we 
determined the symmetry group of the kinetic terms in the limit g' — > to be Sp(N) x SU(2)l, where Sp(N) is the 
quaternionic symplectic group. The agreement is proven by the isomorphism #0(5) = Sp(2)/Z 2 (see [35| p. 430), 
where the Z 2 factor reflect that we can express multiplication of the fields by —I both in SU{2)l and Sp(2) (since 
SU(2) R C Sp(N)). 

Appendix B: The form of some 0(2k) matrices 
Let S £ 0(2k) (the case k — 2 is the most interesting for this article), and let 

Then the condition S T JS = J [i.e. S E Sp(k,R)} can be written 

JS=(S T )- 1 J 1 

JS = SJ, (B2) 
which, by the definition (IB1[) of J, forces the solutions of eq. (|B2I) to be exactly the matrices in 0(2fc) of the form 

s =(-ba)> ( B3 ) 

for arbitrary k x k matrices A, B. 

Again, let S £ 0(2k). Then the equation the condition S T JS = — J [which is the definition of S £ P(fc,R)~], can 
be written 

JS = -SJ, (B4) 
which forces the matrices 5* to be exactly the ones in 0(2k) of the form 

5 =(b-a)< ( B5 ) 

for arbitrary k x k matrices A, B. 

Appendix C: The component SO{4) nP(2,l)" 
In this appendix we want to prove that 

{7(2)5 = 50(4) nP(2,R) _ , (Cl) 



18 



for any S £ SO (4) f) P(2,R)~ 

First, we claim the set P(2,R)~ is given by 



P(2,R)~ = Sp(2,M)S = SSp(2,M), (C2) 

for any 5 £ P(2,R)~: 

P(2,R) _ C Sp(2,M)S: Let S' £ P(2,M)". Then S'S € 5p(2,R) since 

(S'S) T J(5'5) = S T (-J)5 = J. (C3) 

Then S" = TS for T = S'S- 1 € 5p(2,R), i.e. 5' £ 5p(2,R)5. This is true since S^S' 1 6 P(2,R)" infer 5'S" 1 £ 
5p(2,R) by dC3|. (5" 1 £ P(2,R)~ since S £ P(2,R)".) Similarly with S Sp(2, R). 
P(2,R) _ D Sp(2,R)S: On the other hand, if T £ 5p(2,R), then 

(TS) T J(TS) = S T JS = -J, (C4) 

so then TS £ P(2,R)". Similarly, ST £ P(2,R)". 

Now we can derive eq. fClj) : Let S £ P(2,R)" n 50(4). Then 

17(2)5 = (SO(4) n Sp(2, M))S = (SO(4)S) n (5p(2, R)5) 

= 50(4)nP(2,R)-, (C5) 

the last equality by eq. (|C2|) . 

Appendix D: The center of G 

In this appendix we will show that the Lie group G = P(2,R) n SO (4) has a finite center Z(G) = {±74} = Z2. 
Hence G cannot be isomorphic to a group with a infinite center, especially not groups of the form U(2) x H, H 
arbitrary. 

First, G is a Lie group since the intersection of two (topologically) closed subsets of GL(n, R) is a (topologically) 
closed subset of GL(n, R), and hence a Lie group. The center Z{G) of G consists of the elements in G which commute 
with all elements in G, cf. eq. (HJ). Let Y £ Z(G) C G. Then 

Y T JY = ±J, (Dl) 
since Y £ P(2,R). Moreover, since Y commutes with any element in G, Y T Y J — ±J, and hence 

Y T Y = ±1. (D2) 
Since Y £ G G 50(4) we get 7 = ±7, and then + is the right sign in eq. (|D1~]| . 

y T = +J, (D3) 

which again infer that Y £ 5p(2,R). 
This means 

Y £ 5p(2, R) n 50(4) = J7(2), (D4) 
and thus Y is an element of 7/(2) which commutes with all elements of G D 17(2), and hence we also have 

Y £ Z{U{2)). (D5) 

Now Z(U(2)) = U(l), or more concretely 

Z(U(2)) = {A7 2 : A £ C A |A| = 1}, (D6) 

which is a consequence of Schur's lemma. Expressed as a 4 x 4 real matrix by the map p, an element Y £ Z(U (2)) is 
of the form 

cos 8I2 — sin 9I2 
2 cos 0I 2 



Y= , (D7) 

1 sin Wo cos OU 1 ' 
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where cos 6* = Re(A) and sm9 = Im(A). 

Since Y also is an element in Z(G), it also needs to commute with all elements of G, especially C <G P(2,M)~ fl 
50(4) C G. This means YC = CY, that is, 



/ c e h -seh \ ( h 2 \ _ / h 2 \ / c s I 2 —seh 
\ s g I 2 c e h ) \ O2 -h ) ~ V ° 2 / V s ° l2 Cel2 

which yields sg = sin 9 = and eg = cos 9 = ±1, which again give us 

±7 2 2 
l 2 ±7 2 



(D8) 



Y = ( 2 ±7 2 ) = ±/4 ' (° 9 ) 



Hence we have derived the result Z(G) C {±14}, and since both iTi evidently commute with all of G, we get 

Z{G) = {±h} S Z 2 , (D10) 

i.e. a finite center. 
On the other hand, 

Z(U(2) x 77) = Z(U(2)) x 2(77) 17(1) x Z(77), (Dll) 
which is infinite, since t/(l) is infinite. Thus we have G ^ U(2) x H for any group i7. 
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